Hantzsche -Wendt manifolds
Let Γ be a Bieberbach group of dimension n. By definition it is a torsionfree, discrete, cocompact subgroup of the group E(n) = O(n)£<IR n of the rigid motions of the n -dimensional Euclidean space IR n . The multiplication in E(n) is following (A, a)(B, b) = (AB, Ab + a), where (A, a), (B, b) ∈ E(n). If a flat manifold IR n /Γ is oriented then by definition Γ is oriented. From Bieberbach theorems (see [3] ) a translation subgroup Z Z n of Γ is a maximal abelian subgroup of a finite index. That means we have a short exact sequence of groups
where G is a finite group. It is well known that any such extension define an element α ∈ H 2 (G, Z Z n ) where G module structure of Z Z n is defined, by conjugation, in the above short exact sequence. A group G is a holonomy group of a flat manifold IR n /Γ. Hence we shall call it sometimes a holonomy group of Γ. Definition 1 Let Γ be a Bieberbach group Γ of dimension n. A flat manifold IR n /Γ is called Hantzsche-Wendt if it holonomy group is (Z Z 2 ) n−1 .
Proposition 1
If Γ is the oriented Hantzsche-Wendt Bieberbach group then a holonomy representation (Z Z 2 ) n−1 → GL(n, Z Z), defined by conjugation, is diagonal one.
Proof: From assumption about orientation n must be an odd number. Hence there exist only one rational , n dimensional, faithful representation of a group (Z Z 2 ) n−1 . As a subgroup of GL(n, I Q) it is generated by the following matrices
the "1" being in the i-th row and i-th column.
Since it is a torsion free, then the restriction
n definded by action of the matrix A i has to be a direct product of a diagonal Z Z 2 modules. In fact it follows from classification of indecomposable Z Z 2 lattices (see [3] ). P Corollary 1 1. In oriented case the above definition is exactly one proposed in [10] .
2. Any oriented Hantzsche-Wendt manifold has the first Betti number equal to zero.
P
Remark The Hantzsche-Wendt flat manifolds are a minimal dimension one with holonomy group (Z Z 2 ) k , k ≥ 1 (cf. [5] ).
Non-oriented case
The class of the non-oriented Hantzsche-Wendt flat manifolds include two subclasses; with the first Betti number 1 and 0. Equivalently it means a classes of a Bieberbach groups with trivial and non trivial centre. Let us assume that all holonomy representations are diagonal. We think that it is not necessary, but we do not how to prove it. Let first consider a case with non-trivial centre.
The simple example is following (cf. [8] ). Let Γ(n) be a subgroup of E(n) generated by the set {γ i = (B i , s(B i )}, 0 ≤ i ≤ (n − 1), where B 0 = I and s(B 0 ) = (1, 0, ..., 0). Moreover B i are (n × n) ortogonal matrices:
the "-1" being in the i-th row and i-th column, 1 ≤ i ≤ (n − 1), and
In [8] it was proved that Γ(n) is a Bieberbach group and that there exist the following short exact sequence of groups
However in general we have the following proposition which we put as an exercise.
Proposition 2 Let Γ be a Hantzsche-Wendt group of dimension n with nontrivial center. Then the kernel of the composition Γ → Γ/[Γ, Γ] → Z Z is oriented or non-oriented Hantzsche-Wendt group.
P
Let us finally present a I Q-homology of Hantzsche-Wendt flat manifolds in this case.
Theorem 1 Let M be a flat manifold of dimension n with holonomy (Z Z 2 ) n−1 and the first Betti number 1. Then
Proof: From definition and assumptions we have a long exact sequence:
where the action of (Z Z 2 ) n−1 on Z Z n is given by matrices B i , 1 ≤ i ≤ n − 1. This define a representation c : (Z Z 2 ) n−1 → GL(n, Z Z). Similar as in [11] we have a character Φ of c by formula 
Hence and from above, the representation of (Z Z 2 ) n−1 on Λ j (I Q n ) has the following character
We have
Hence by induction and an immediate calculation the result follows.
Finally, let h 1 (n) denotes the number of isomorphism class of HantzscheWendt groups with non-trivial center of dimension n. Then h 1 (2) = 1, h 1 (3) = 2, h 1 (4) = 10, h 1 (5) = 100, h 1 (6) = 2184 (cf. [2] ).
Let us start to consider a case of the non-oriented Hantzsche-Wendt Bieberbach groups with trivial center. In this case we have much more possibilities for the holonomy representation. We have Proposition 3 Let Γ be a Hantzsche-Wendt non-oriented Bieberbach group of dimension n with trivial center then a possible number of non equivalent diagonal holonomy represenations is equal (n/2) − 1 for even n and ((n − 1)/2) − 1 for odd n.
Proof: By definition each holonomy representation is defined by a hyperplane in (Z Z 2 )
n . From linear algebra any hyperplane is in one to one correspondance with some vector [x 1 , x 2 , . . . , x n ] where x i ∈ Z Z 2 = {0, 1}. Hence we have the following n classes of non-equivalent diagonal representations:
Since we consider torsion free groups then all hyperplanes have not vector [1, 1, . . . , 1]. Summing up we have for even n, (n/2) − 1 and for odd n, ((n − 1)/2) − 1 possibilities.
We shall present an example. In notations from the proof of Proposition 3 the holonomy representation of it correspond to hyperplanes [1, 1, . . . , 1, 1] in odd case and [1, 1, . . . , 1, 1, 0] in even case. Moreover we would like to notice that in these cases holonomy representation has to be always diagonal (see Proposition 1). Let Γ n be a subgroup of E(n + 1) generated by the set {(A i , s(A i )) = x i }, 1 ≤ i ≤ n. Here A i are ((n + 1) × (n + 1)) ortogonal matrices:
the "1" being in the i-th row and i-th column, and
In [11] (see also [10] ) it was proven that Γ 2n are Bieberbach groups. For odd n the group Γ n are Bieberbach because we have.
Proposition 4
For n ≥ 2, there is a monomorphism φ n : Γ n → Γ n+1 of groups. Moreover φ n (Γ n ) is not a normal subgroup of Γ n+1 .
where * denotes zeros. We define
Finally it is enough conjugate by the translation (id, (0, . . . , 1)) an element φ n ((A 1 , (1/2, 1/2, . . . , 0)) to observe that an image of Γ n is not a normal subgroup.
P
By an analogy to [11] we have.
Theorem 2 For n ≥ 3
Proof: We shall use notations from the previous section. For odd n it was proved in [11] . Let us start to prove for n = 2k. From definition we have a long exact sequence:
where the action of (Z Z 2 ) 2k−1 on Z Z 2k is given by matrices A i . This define a representation c : (Z Z 2 ) 2k−1 → GL(2k, Z Z). Similar as [11] we have a character Φ of c by formula 
Hence and from above the representation of (Z Z 2 ) 2k−1 on Λ j (I Q 2k ) has the following character
An immediate calculation for each 1 ≤ j ≤ 2k − 2 shows that in above equation no summand is trivial,
Moreover
Here χ 1 . . .χ i . . . χ 2k denotes a product of characters χ 1 . . . χ i . . . χ 2k without a character χ i .
In the above formulas we use a definition of characters on the elements of (Z Z 2 ) 2k−1 consider as elements of Z Z 2 -vector space.
Problems and questions:
1. Is there combinatorial characterization of Hantzsche-Wendt manifolds ?
In oriented case we have some graph's characterization (cf. [10] ).
2. Find symmetries (outer automorphisms groups) of Hantzsche-Wendt manifolds (groups), (cf. [6] ).
3. Is there other geometrical structure on Hantzsche-Wendt manifolds ?
For example of existence of bundles of it which are not nonnegatively curved (cf. [1] ).
4.
Is there interpretation of the Proposition 4 in knot theory language ?
In fact we defined in the Proposition 4 some homomorphism of groups which can be consider as a map of rational homology spheres.
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